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PERTURBATION THEORY

• Ground state energies in quantum mechanical problems
• Beta-functions in quantum field theories
• Genus expansion of string theory
• Large-N expansions in gauge theories
• Late-time behaviour of strongly correlated systems

. . .

Perturbation theory: fundamental in computation of observables

BUT: expansions are often divergent, asymptotic!



ASYMPTOTIC EXPANSIONS

Perturbation theory often leads to divergent asymptotic 
expansions 

Goal: Global Analytic properties of observables 
beyond perturbation theory

Surprisingly, this asymptotic behaviour carries crucial information 
about exponentially small, non-perturbative (NP) phenomena 

governing the global analytic properties of physical observables 

In this talk: Focus on late-time behaviour of the 
energy density of strongly coupled plasma



OUTLINE

1. A primer on resurgent transseries (?)

2. Late-time behaviour for strongly coupled plasma
Microscopic description and dual gravity solution
Asymptotic analysis and QNMs

3. A simpler case: Müller-Israel-Stuart hydrodynamics
Transseries, asymptotics and summation prescriptions
The attractor solution from asymptotic late-times?

4. Further applications



1. 
A PRIMER ON RESURGENT 

TRANSSERIES (?)

[IA,Basar,Schiappa’18]



PERTURBATION THEORY IN QM
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For  large enough n• Series is asymptotic:

Why asymptotic? Existence of instantons
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BEYOND PERTURBATION THEORY
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TRANSSERIES SOLUTION

k-instanton contribution, 
each is  asymptoticFormal expansion in transmonomials

• the small parameter
• non-perturbative term
•    encodes boundary/initial conditions 

g
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RESURGENCE

Coefficients between different sectors 
are related through large-order relations

Look at perturbative coefficients for 
large enough 

Same is true for all instanton coefficients
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Using Resurgence

large order relations
encode NP 

information in the 
perturbative series 
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BOREL TRANSFORMS

Determine NP phenomena from an asymptotic series
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Remove the factorial growth to get a convergent series: 
inverse Laplace transform to each term
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BOREL TRANSFORM
Let’s simplify our example!

Borel transform:Original Series:
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single pole at s = A

The position of the pole is 
controlled by instanton action



BOREL TRANSFORM
•Non-perturbative phenomena: singularities in Borel plane           
•Singularities usually will be branch cuts
•Singular directions: Stokes lines

•Structure of singularities can be very complex
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BOREL RESUMMATION

Original Series:

Eg.s.(g) '
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How to associate a function to 
the original asymptotic series?

Via Borel resummation: Laplace transform
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BOREL RESUMMATION

Ambiguity in choice of 
contour
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Non-perturbative 
Ambiguity
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How do we integrate with along a singular direction?



BOREL RESUMMATION

• Borel resummation straightforward in the directions without singularities
• Re-summation along Stokes directions: ambiguities

Ambiguities in the transseries
• all sectors have ambiguities
•Use resurgence to fix     s.t.

The full transseries is unambiguous, and we can 
construct an analytic solution in any direction
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STOKES PHENOMENA
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Non-pert contributions 
very suppressed
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IN SUMMARY

E(k) ⇠
1X

n=0

E(k)
n gnEg.s. '

1X

k=0

�ke�kA/g E(k)(g)

Re-sum all asymptotic sectors

Determine      from external data (boundary/initial conditions)

This can be done for any value of      and encodes:g

Analytic data (poles, zeros, branch cuts)
Phase transitions (Stokes phenomena)
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Obtain NP completion in the form of transseries



2. 
LATE-TIME ASYMPTOTIC FOR 

STRONGLY COUPLED PLASMA 
IN              SYMN = 4



It provides a reliable description of strongly coupled systems
• real life: strongly coupled quark-gluon plasma in particle accelerators; 
• To determine the kinetic parameters of hydrodynamic equations (e.g. 

shear viscosity): study the associated microscopic theory

RELATIVISTIC HYDRODYNAMICS

N → ∞

The associated microscopic theory can be a QFT, such as strongly coupled 
             Super Yang-Mills (SYM)N = 4

            gauge/gravity duality: determine hydrodynamic 
parameters, time dependent processes of the SYM plasma 

from dual geometry

[Policastro et al ’01-'04; Nastase ’05]



Kinematic regime: expanding plasma in the so-called central rapidity 
region, where one assumes longitudinal boost invariance (Bjorken flow)

[Bjorken ’83]

STRONGLY COUPLED SYSTEMS  

In hydrodynamic theories the energy-momentum tensor is given by 

Tµ⌫ = E uµu⌫ + P(E)(⌘µ⌫ + uµu⌫) +⇧µ⌫

Symmetries:  conformal invariance, transversely homogeneous,  
             invariance under longitudinal Lorentz boosts

Energy density

P(E) = E/3

Pressure, in 4d conformal 
theories given by:

flow velocity

Shear stress tensor: 
dissipative effects



Kinematic regime: expanding plasma in the so-called central rapidity 
region, where one assumes longitudinal boost invariance (Bjorken flow)

[Bjorken ’83]

STRONGLY COUPLED SYSTEMS  

Strongly coupled SYM boost invariant plasma: 
all physics encoded in         .E(⌧)

Obtaining this function is in general too difficult:
perform a large proper time expansion           . ⌧ � 1

In hydrodynamic theories the energy-momentum tensor is given by 

Tµ⌫ = E uµu⌫ + P(E)(⌘µ⌫ + uµu⌫) +⇧µ⌫



Starting from highly non-equilibrium initial conditions, the microscopic 
theory will reveal the transition to hydrodynamic behaviour at late times

LATE TIME BEHAVIOUR

Conformal theories:  late-time behaviour of energy density highly constrained 

E (⌧) =
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•     is a dimensionful parameter encoding initial non-eq. conditions
• Leading behaviour predicted by boost-invariant perfect fluid 
• Subleading terms: dissipative hydrodynamic effects

⇤

Next: use dual geometry to analyse the 
expansion of boost invariant SYM plasma



Equilibrium states of the 
microscopic theory (CFT)

SYM PLASMA FROM ADS/CFT

[Janik, Peschanski ’05][Janik ’05]

black hole solutions

flat space at boundary: 
planar horizons        black branes

[Witten ’98]

Perturbative non-equilibrium 
phenomena

linearised perturbations of 
black brane solution

Non-hydrodynamic d.o.f. exp. decaying black branes’ 
quasi-normal modes



Dual geometry given by boost invariant 5D metric

SYM PLASMA FROM ADS/CFT

[Hare et al ’00][Skenderis ’02][Fefferman,Graham '85]
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• boundary condition at           :     z = 0

Gµ⌫ = ⌘µ⌫ + z4g(4)µ⌫ + · · ·



Metric ansatz: multi-parameter transseries with exponential decaying sectors 
and perturbative expansions in proper time

SYM PLASMA FROM ADS/CFT

exponentially decaying 
coupled QNMs
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perturbative late-time 
expansions

• Infinite number of QNMs
• Parameters encoding non-hydro initial conditions
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The most general solution for the energy density of the SYM plasma is:

All expansions in the energy density are asymptotic!

[Heller,Janik,Witaszcyk’15; IA et al’18]



Singularities in Borel plane:

ASYMPTOTIC ENERGY DENSITY

!1;
<latexit sha1_base64="7mL9Abpzu+f4SAsPv/KBZ7c4itM=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqexqwRYvRS8eK9gPaZeSTWfb0CS7JFmhLP0VXjwo4tWf481/Y9quUEUfDDzem2FmXhBzpo3rfjq5ldW19Y38ZmFre2d3r7h/0NJRoig0acQj1QmIBs4kNA0zHDqxAiICDu1gfD3z2w+gNIvknZnE4AsylCxklBgr3fciAUPS9y77xZJbdufAS6RWqbnnVexlSgllaPSLH71BRBMB0lBOtO56bmz8lCjDKIdpoZdoiAkdkyF0LZVEgPbT+cFTfGKVAQ4jZUsaPFeXJ1IitJ6IwHYKYkb6tzcT//K6iQmrfspknBiQdLEoTDg2EZ59jwdMATV8YgmhitlbMR0RRaixGRVsCN+f4v9J66zsuWXvtlKqX2Vx5NEROkanyEMXqI5uUAM1EUUCPaJn9OIo58l5dd4WrTknmzlEP+C8fwFpi5Al</latexit><latexit sha1_base64="7mL9Abpzu+f4SAsPv/KBZ7c4itM=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqexqwRYvRS8eK9gPaZeSTWfb0CS7JFmhLP0VXjwo4tWf481/Y9quUEUfDDzem2FmXhBzpo3rfjq5ldW19Y38ZmFre2d3r7h/0NJRoig0acQj1QmIBs4kNA0zHDqxAiICDu1gfD3z2w+gNIvknZnE4AsylCxklBgr3fciAUPS9y77xZJbdufAS6RWqbnnVexlSgllaPSLH71BRBMB0lBOtO56bmz8lCjDKIdpoZdoiAkdkyF0LZVEgPbT+cFTfGKVAQ4jZUsaPFeXJ1IitJ6IwHYKYkb6tzcT//K6iQmrfspknBiQdLEoTDg2EZ59jwdMATV8YgmhitlbMR0RRaixGRVsCN+f4v9J66zsuWXvtlKqX2Vx5NEROkanyEMXqI5uUAM1EUUCPaJn9OIo58l5dd4WrTknmzlEP+C8fwFpi5Al</latexit><latexit sha1_base64="7mL9Abpzu+f4SAsPv/KBZ7c4itM=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqexqwRYvRS8eK9gPaZeSTWfb0CS7JFmhLP0VXjwo4tWf481/Y9quUEUfDDzem2FmXhBzpo3rfjq5ldW19Y38ZmFre2d3r7h/0NJRoig0acQj1QmIBs4kNA0zHDqxAiICDu1gfD3z2w+gNIvknZnE4AsylCxklBgr3fciAUPS9y77xZJbdufAS6RWqbnnVexlSgllaPSLH71BRBMB0lBOtO56bmz8lCjDKIdpoZdoiAkdkyF0LZVEgPbT+cFTfGKVAQ4jZUsaPFeXJ1IitJ6IwHYKYkb6tzcT//K6iQmrfspknBiQdLEoTDg2EZ59jwdMATV8YgmhitlbMR0RRaixGRVsCN+f4v9J66zsuWXvtlKqX2Vx5NEROkanyEMXqI5uUAM1EUUCPaJn9OIo58l5dd4WrTknmzlEP+C8fwFpi5Al</latexit><latexit sha1_base64="7mL9Abpzu+f4SAsPv/KBZ7c4itM=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqexqwRYvRS8eK9gPaZeSTWfb0CS7JFmhLP0VXjwo4tWf481/Y9quUEUfDDzem2FmXhBzpo3rfjq5ldW19Y38ZmFre2d3r7h/0NJRoig0acQj1QmIBs4kNA0zHDqxAiICDu1gfD3z2w+gNIvknZnE4AsylCxklBgr3fciAUPS9y77xZJbdufAS6RWqbnnVexlSgllaPSLH71BRBMB0lBOtO56bmz8lCjDKIdpoZdoiAkdkyF0LZVEgPbT+cFTfGKVAQ4jZUsaPFeXJ1IitJ6IwHYKYkb6tzcT//K6iQmrfspknBiQdLEoTDg2EZ59jwdMATV8YgmhitlbMR0RRaixGRVsCN+f4v9J66zsuWXvtlKqX2Vx5NEROkanyEMXqI5uUAM1EUUCPaJn9OIo58l5dd4WrTknmzlEP+C8fwFpi5Al</latexit>

2!1; 3!1
<latexit sha1_base64="EZ8OpVy3oA28lESlaV6B3Pfaclo=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEFxKSpk0qbopuXFawD2hLmUyn7dCZJMxMhBIK/oobF4q49Tvc+TdOX6CiBy4czrmXe+8JYkalsu1PI7Oyura+kd3MbW3v7O6Z+wd1GSUCkxqOWCSaAZKE0ZDUFFWMNGNBEA8YaQSj66nfuCdC0ii8U+OYdDgahLRPMVJa6ppHhXbEyQB1ncv2ubvkXTNvWyXXK7sutK2C73l+UZOS53vFC+hY9gx5sEC1a360exFOOAkVZkjKlmPHqpMioShmZJJrJ5LECI/QgLQ0DREnspPOzp/AU630YD8SukIFZ+r3iRRxKcc80J0cqaH87U3Fv7xWovrlTkrDOFEkxPNF/YRBFcFpFrBHBcGKjTVBWFB9K8RDJBBWOrGcDmH5Kfyf1AuWY1vObTFfuVrEkQXH4AScAQf4oAJuQBXUAAYpeATP4MV4MJ6MV+Nt3poxFjOH4AeM9y8XQpTw</latexit><latexit sha1_base64="EZ8OpVy3oA28lESlaV6B3Pfaclo=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEFxKSpk0qbopuXFawD2hLmUyn7dCZJMxMhBIK/oobF4q49Tvc+TdOX6CiBy4czrmXe+8JYkalsu1PI7Oyura+kd3MbW3v7O6Z+wd1GSUCkxqOWCSaAZKE0ZDUFFWMNGNBEA8YaQSj66nfuCdC0ii8U+OYdDgahLRPMVJa6ppHhXbEyQB1ncv2ubvkXTNvWyXXK7sutK2C73l+UZOS53vFC+hY9gx5sEC1a360exFOOAkVZkjKlmPHqpMioShmZJJrJ5LECI/QgLQ0DREnspPOzp/AU630YD8SukIFZ+r3iRRxKcc80J0cqaH87U3Fv7xWovrlTkrDOFEkxPNF/YRBFcFpFrBHBcGKjTVBWFB9K8RDJBBWOrGcDmH5Kfyf1AuWY1vObTFfuVrEkQXH4AScAQf4oAJuQBXUAAYpeATP4MV4MJ6MV+Nt3poxFjOH4AeM9y8XQpTw</latexit><latexit sha1_base64="EZ8OpVy3oA28lESlaV6B3Pfaclo=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEFxKSpk0qbopuXFawD2hLmUyn7dCZJMxMhBIK/oobF4q49Tvc+TdOX6CiBy4czrmXe+8JYkalsu1PI7Oyura+kd3MbW3v7O6Z+wd1GSUCkxqOWCSaAZKE0ZDUFFWMNGNBEA8YaQSj66nfuCdC0ii8U+OYdDgahLRPMVJa6ppHhXbEyQB1ncv2ubvkXTNvWyXXK7sutK2C73l+UZOS53vFC+hY9gx5sEC1a360exFOOAkVZkjKlmPHqpMioShmZJJrJ5LECI/QgLQ0DREnspPOzp/AU630YD8SukIFZ+r3iRRxKcc80J0cqaH87U3Fv7xWovrlTkrDOFEkxPNF/YRBFcFpFrBHBcGKjTVBWFB9K8RDJBBWOrGcDmH5Kfyf1AuWY1vObTFfuVrEkQXH4AScAQf4oAJuQBXUAAYpeATP4MV4MJ6MV+Nt3poxFjOH4AeM9y8XQpTw</latexit><latexit sha1_base64="EZ8OpVy3oA28lESlaV6B3Pfaclo=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEFxKSpk0qbopuXFawD2hLmUyn7dCZJMxMhBIK/oobF4q49Tvc+TdOX6CiBy4czrmXe+8JYkalsu1PI7Oyura+kd3MbW3v7O6Z+wd1GSUCkxqOWCSaAZKE0ZDUFFWMNGNBEA8YaQSj66nfuCdC0ii8U+OYdDgahLRPMVJa6ppHhXbEyQB1ncv2ubvkXTNvWyXXK7sutK2C73l+UZOS53vFC+hY9gx5sEC1a360exFOOAkVZkjKlmPHqpMioShmZJJrJ5LECI/QgLQ0DREnspPOzp/AU630YD8SukIFZ+r3iRRxKcc80J0cqaH87U3Fv7xWovrlTkrDOFEkxPNF/YRBFcFpFrBHBcGKjTVBWFB9K8RDJBBWOrGcDmH5Kfyf1AuWY1vObTFfuVrEkQXH4AScAQf4oAJuQBXUAAYpeATP4MV4MJ6MV+Nt3poxFjOH4AeM9y8XQpTw</latexit>

!2
<latexit sha1_base64="HPzZK5vass7e7kDe+WaAjUFzXOY=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSY1tXFXdOOygn1AG8pkOmmHziRxZiKU0J9w40IRt/6OO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlLOItjTTnHYTSbEIOO0Ek6vc79xTqVgc3eppQn2BRxELGcHaSN1+LOgID6qDcgXZnoe8cw8i26nXXHSWE7d+4dagY6M5KmCJ5qD83h/GJBU00oRjpXoOSrSfYakZ4XRW6qeKJphM8Ij2DI2woMrP5vfO4IlRhjCMpalIw7n6fSLDQqmpCEynwHqsfnu5+JfXS3Xo+RmLklTTiCwWhSmHOob583DIJCWaTw3BRDJzKyRjLDHRJqKSCeHrU/g/aVdtxyRz41Yal8s4iuAIHINT4IA6aIBr0AQtQAAHD+AJPFt31qP1Yr0uWgvWcuYQ/ID19gk6uJAY</latexit><latexit sha1_base64="HPzZK5vass7e7kDe+WaAjUFzXOY=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSY1tXFXdOOygn1AG8pkOmmHziRxZiKU0J9w40IRt/6OO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlLOItjTTnHYTSbEIOO0Ek6vc79xTqVgc3eppQn2BRxELGcHaSN1+LOgID6qDcgXZnoe8cw8i26nXXHSWE7d+4dagY6M5KmCJ5qD83h/GJBU00oRjpXoOSrSfYakZ4XRW6qeKJphM8Ij2DI2woMrP5vfO4IlRhjCMpalIw7n6fSLDQqmpCEynwHqsfnu5+JfXS3Xo+RmLklTTiCwWhSmHOob583DIJCWaTw3BRDJzKyRjLDHRJqKSCeHrU/g/aVdtxyRz41Yal8s4iuAIHINT4IA6aIBr0AQtQAAHD+AJPFt31qP1Yr0uWgvWcuYQ/ID19gk6uJAY</latexit><latexit sha1_base64="HPzZK5vass7e7kDe+WaAjUFzXOY=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSY1tXFXdOOygn1AG8pkOmmHziRxZiKU0J9w40IRt/6OO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlLOItjTTnHYTSbEIOO0Ek6vc79xTqVgc3eppQn2BRxELGcHaSN1+LOgID6qDcgXZnoe8cw8i26nXXHSWE7d+4dagY6M5KmCJ5qD83h/GJBU00oRjpXoOSrSfYakZ4XRW6qeKJphM8Ij2DI2woMrP5vfO4IlRhjCMpalIw7n6fSLDQqmpCEynwHqsfnu5+JfXS3Xo+RmLklTTiCwWhSmHOob583DIJCWaTw3BRDJzKyRjLDHRJqKSCeHrU/g/aVdtxyRz41Yal8s4iuAIHINT4IA6aIBr0AQtQAAHD+AJPFt31qP1Yr0uWgvWcuYQ/ID19gk6uJAY</latexit><latexit sha1_base64="HPzZK5vass7e7kDe+WaAjUFzXOY=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSY1tXFXdOOygn1AG8pkOmmHziRxZiKU0J9w40IRt/6OO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlLOItjTTnHYTSbEIOO0Ek6vc79xTqVgc3eppQn2BRxELGcHaSN1+LOgID6qDcgXZnoe8cw8i26nXXHSWE7d+4dagY6M5KmCJ5qD83h/GJBU00oRjpXoOSrSfYakZ4XRW6qeKJphM8Ij2DI2woMrP5vfO4IlRhjCMpalIw7n6fSLDQqmpCEynwHqsfnu5+JfXS3Xo+RmLklTTiCwWhSmHOob583DIJCWaTw3BRDJzKyRjLDHRJqKSCeHrU/g/aVdtxyRz41Yal8s4iuAIHINT4IA6aIBr0AQtQAAHD+AJPFt31qP1Yr0uWgvWcuYQ/ID19gk6uJAY</latexit>

!3
<latexit sha1_base64="VF7o7CQeG7TTaUK04UkyuPLXfZk=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjLtjG13RTcuK9gHtEPJpJk2NJMZk4xQhv6EGxeKuPV33Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek6u537mnUrFY3OppQv0IjwQLGcHaSN1+HNERHlQGxRKyvbLrVhFEdtWro7pniFvx3IsadGy0QAms0BwU3/vDmKQRFZpwrFTPQYn2Myw1I5zOCv1U0QSTCR7RnqECR1T52eLeGTwzyhCGsTQlNFyo3ycyHCk1jQLTGWE9Vr+9ufiX10t1WPMzJpJUU0GWi8KUQx3D+fNwyCQlmk8NwUQycyskYywx0Saiggnh61P4P2mXbQfZzo1balyu4siDE3AKzoEDqqABrkETtAABHDyAJ/Bs3VmP1ov1umzNWauZY/AD1tsnOjqQGA==</latexit><latexit sha1_base64="VF7o7CQeG7TTaUK04UkyuPLXfZk=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjLtjG13RTcuK9gHtEPJpJk2NJMZk4xQhv6EGxeKuPV33Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek6u537mnUrFY3OppQv0IjwQLGcHaSN1+HNERHlQGxRKyvbLrVhFEdtWro7pniFvx3IsadGy0QAms0BwU3/vDmKQRFZpwrFTPQYn2Myw1I5zOCv1U0QSTCR7RnqECR1T52eLeGTwzyhCGsTQlNFyo3ycyHCk1jQLTGWE9Vr+9ufiX10t1WPMzJpJUU0GWi8KUQx3D+fNwyCQlmk8NwUQycyskYywx0Saiggnh61P4P2mXbQfZzo1balyu4siDE3AKzoEDqqABrkETtAABHDyAJ/Bs3VmP1ov1umzNWauZY/AD1tsnOjqQGA==</latexit><latexit sha1_base64="VF7o7CQeG7TTaUK04UkyuPLXfZk=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjLtjG13RTcuK9gHtEPJpJk2NJMZk4xQhv6EGxeKuPV33Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek6u537mnUrFY3OppQv0IjwQLGcHaSN1+HNERHlQGxRKyvbLrVhFEdtWro7pniFvx3IsadGy0QAms0BwU3/vDmKQRFZpwrFTPQYn2Myw1I5zOCv1U0QSTCR7RnqECR1T52eLeGTwzyhCGsTQlNFyo3ycyHCk1jQLTGWE9Vr+9ufiX10t1WPMzJpJUU0GWi8KUQx3D+fNwyCQlmk8NwUQycyskYywx0Saiggnh61P4P2mXbQfZzo1balyu4siDE3AKzoEDqqABrkETtAABHDyAJ/Bs3VmP1ov1umzNWauZY/AD1tsnOjqQGA==</latexit><latexit sha1_base64="VF7o7CQeG7TTaUK04UkyuPLXfZk=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjLtjG13RTcuK9gHtEPJpJk2NJMZk4xQhv6EGxeKuPV33Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek6u537mnUrFY3OppQv0IjwQLGcHaSN1+HNERHlQGxRKyvbLrVhFEdtWro7pniFvx3IsadGy0QAms0BwU3/vDmKQRFZpwrFTPQYn2Myw1I5zOCv1U0QSTCR7RnqECR1T52eLeGTwzyhCGsTQlNFyo3ycyHCk1jQLTGWE9Vr+9ufiX10t1WPMzJpJUU0GWi8KUQx3D+fNwyCQlmk8NwUQycyskYywx0Saiggnh61P4P2mXbQfZzo1balyu4siDE3AKzoEDqqABrkETtAABHDyAJ/Bs3VmP1ov1umzNWauZY/AD1tsnOjqQGA==</latexit>

!i
<latexit sha1_base64="HG6d1EVL78B8SzXBxLat76Ly4/w=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEXRbduKxgH9CEMJlO2qHzCDMTIYT6K25cKOLWD3Hn3zhps9DWAwOHc+7h3jlxyqg2nvftrK1vbG5t13bqu3v7B4fu0XFPy0xh0sWSSTWIkSaMCtI11DAySBVBPGakH09vS7//SJSmUjyYPCUhR2NBE4qRsVLkNgJp7TJdBJKTMZpFNHKbXsubA64SvyJNUKETuV/BSOKME2EwQ1oPfS81YYGUoZiRWT3INEkRnqIxGVoqECc6LObHz+CZVUYwkco+YeBc/Z0oENc657Gd5MhM9LJXiv95w8wk12FBRZoZIvBiUZIxaCQsm4Ajqgg2LLcEYUXtrRBPkELY2L7qtgR/+curpHfR8r2Wf3/ZbN9UddTACTgF58AHV6AN7kAHdAEGOXgGr+DNeXJenHfnYzG65lSZBvgD5/MHgQaVTg==</latexit><latexit sha1_base64="HG6d1EVL78B8SzXBxLat76Ly4/w=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEXRbduKxgH9CEMJlO2qHzCDMTIYT6K25cKOLWD3Hn3zhps9DWAwOHc+7h3jlxyqg2nvftrK1vbG5t13bqu3v7B4fu0XFPy0xh0sWSSTWIkSaMCtI11DAySBVBPGakH09vS7//SJSmUjyYPCUhR2NBE4qRsVLkNgJp7TJdBJKTMZpFNHKbXsubA64SvyJNUKETuV/BSOKME2EwQ1oPfS81YYGUoZiRWT3INEkRnqIxGVoqECc6LObHz+CZVUYwkco+YeBc/Z0oENc657Gd5MhM9LJXiv95w8wk12FBRZoZIvBiUZIxaCQsm4Ajqgg2LLcEYUXtrRBPkELY2L7qtgR/+curpHfR8r2Wf3/ZbN9UddTACTgF58AHV6AN7kAHdAEGOXgGr+DNeXJenHfnYzG65lSZBvgD5/MHgQaVTg==</latexit><latexit sha1_base64="HG6d1EVL78B8SzXBxLat76Ly4/w=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEXRbduKxgH9CEMJlO2qHzCDMTIYT6K25cKOLWD3Hn3zhps9DWAwOHc+7h3jlxyqg2nvftrK1vbG5t13bqu3v7B4fu0XFPy0xh0sWSSTWIkSaMCtI11DAySBVBPGakH09vS7//SJSmUjyYPCUhR2NBE4qRsVLkNgJp7TJdBJKTMZpFNHKbXsubA64SvyJNUKETuV/BSOKME2EwQ1oPfS81YYGUoZiRWT3INEkRnqIxGVoqECc6LObHz+CZVUYwkco+YeBc/Z0oENc657Gd5MhM9LJXiv95w8wk12FBRZoZIvBiUZIxaCQsm4Ajqgg2LLcEYUXtrRBPkELY2L7qtgR/+curpHfR8r2Wf3/ZbN9UddTACTgF58AHV6AN7kAHdAEGOXgGr+DNeXJenHfnYzG65lSZBvgD5/MHgQaVTg==</latexit><latexit sha1_base64="HG6d1EVL78B8SzXBxLat76Ly4/w=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEXRbduKxgH9CEMJlO2qHzCDMTIYT6K25cKOLWD3Hn3zhps9DWAwOHc+7h3jlxyqg2nvftrK1vbG5t13bqu3v7B4fu0XFPy0xh0sWSSTWIkSaMCtI11DAySBVBPGakH09vS7//SJSmUjyYPCUhR2NBE4qRsVLkNgJp7TJdBJKTMZpFNHKbXsubA64SvyJNUKETuV/BSOKME2EwQ1oPfS81YYGUoZiRWT3INEkRnqIxGVoqECc6LObHz+CZVUYwkco+YeBc/Z0oENc657Gd5MhM9LJXiv95w8wk12FBRZoZIvBiUZIxaCQsm4Ajqgg2LLcEYUXtrRBPkELY2L7qtgR/+curpHfR8r2Wf3/ZbN9UddTACTgF58AHV6AN7kAHdAEGOXgGr+DNeXJenHfnYzG65lSZBvgD5/MHgQaVTg==</latexit>

!1 =
3

2
(2.746676 + 3.119452i)

<latexit sha1_base64="QBiL5zeauMofv3xs8gRn83TkgSc="></latexit><latexit sha1_base64="QBiL5zeauMofv3xs8gRn83TkgSc="></latexit><latexit sha1_base64="QBiL5zeauMofv3xs8gRn83TkgSc="></latexit><latexit sha1_base64="QBiL5zeauMofv3xs8gRn83TkgSc="></latexit>

!2 =
3

2
(4.763570 + 5.169521i)

<latexit sha1_base64="ZYdN2V84NzFvgdJMyoaiv9RBF0s="></latexit><latexit sha1_base64="ZYdN2V84NzFvgdJMyoaiv9RBF0s="></latexit><latexit sha1_base64="ZYdN2V84NzFvgdJMyoaiv9RBF0s="></latexit><latexit sha1_base64="ZYdN2V84NzFvgdJMyoaiv9RBF0s="></latexit>

!3 =
3

2
(6.769565 + 7.187931i)

<latexit sha1_base64="Zd5/aleBVYYHt82ZKC5TTmzcmm4="></latexit><latexit sha1_base64="Zd5/aleBVYYHt82ZKC5TTmzcmm4="></latexit><latexit sha1_base64="Zd5/aleBVYYHt82ZKC5TTmzcmm4="></latexit><latexit sha1_base64="Zd5/aleBVYYHt82ZKC5TTmzcmm4="></latexit>

�0 (u) = u�2
+1X

k=0

"(0)k u�kHydrodynamic expansion: "(0)k ⇠ k!

|A1|

●

●

●

●

●

●

◆

◆

◆
◆

◆
◆

× ×

×

×

×

×

×

×

� � �� ��
-��

-��

-�

�

�

��

��



ASYMPTOTIC ENERGY DENSITY

E
⇣
u ⌘ ⌧2/3,�

⌘
=

X

n2N1
0

�n e�n·Au �n (u) , �n (u) = u��n

+1X

k=0

"(n)
k u�k

NP description of the late time behaviour 
of the SYM plasma
Asymptotic analysis predicted coupled 
QMN solutions in gravity
Agreement between gravity calculations 
and resurgence large-order  predictions

Study  a simpler relativistic hydrodynamic system

[IA et al’18]

Can we recover the non-equilibrium behaviour of early times?
Dependence of the transseries parameters on initial conditions?



3. 
A SIMPLER EXAMPLE:  

MÜLLER-ISRAEL-STUART 
HYDRODYNAMICS



MIS CAUSAL HYDRODYNAMICS

Solve evolution equations of the Energy momentum tensor

Müller-Israel-Stuart (MIS) equations 

rµT
µ⌫ = 0

• Assume boost invariant flow, conformal invariance
• Hydrodynamic gradient expansion: approximate shear stress tensor 

by corrections to ideal fluid

z C⌧⇧f f 0 + 4C⌧⇧f
2 +

✓
z � 16C⌧⇧

3

◆
f � 4C⌘

9
+

16C⌧⇧

9
� 2z

3
= 0

• Non-linear ODE describing the energy density
•              are phenomenological parametersC⌧⇧, C⌘



MIS CAUSAL HYDRODYNAMICS

• We are interested in the late time regime 
• It has a single, purely decaying non-hydrodynamic mode

z � 1

Write the general solution as a transseries, sectors asymptotic.
Study resurgent properties

�n (z) = z�n�
+1X

k=0

a(n)k z�k

F (z,�) =
+1X

n=0

�n e�nAz �n (z)

A =
3

2C⌧⇧
� = � C⌘

C⌧⇧

[Heller,Spalinski’15; Basar,Dunne’15; IA,Spalinski’15]



SOLUTION AT EARLY TIMES

Attractor solution: Stable solution, converging to a finite 
    value at early times 

[Heller,Spalinski ’15]

Generic solution: divergent at early times, but will decay rapidly 
     towards the attractor solution

FAtt(z) =
2

3
+

1

3

r
C⌘

C⌧⇧
+O(z)

Calculate attractor solution:
Taylor expansion



SOLUTION AT EARLY TIMES

Can we recover the attractor solution 
from the transseries expansion?

�n (z) = z�n�
+1X

k=0

a(n)k z�kF (z,�) =
+1X

n=0

�n e�nAz �n (z)

Need to fix the value of 

• Ambiguity cancelation fixes its imaginary part
• Comparison with attractor fixes its real part

� = �R + i�I

[Heller,Spalinski ’15]



AMBIGUITY CANCELATION

�n (z) = z�n�
+1X

k=0

a(n)k z�kF (z,�) =
+1X

n=0

�n e�nAz �n (z)

• positive real axis is a Stokes line 
• Fix                     such that summation below axis is� = �R + i�I

S�F
✓
z,�R +

S

2

◆

) �I =
S

2

S = �0.036537 iwith Stokes const:

Ambiguity cancelation



ANALYTIC TRANSSERIES SUM
The order of transmonomials in the transseries can be rearranged:

[Costin et al’01-13; IA,Schiappa,Vonk ’to appear]

F(z,�) =
+1X

k=0

z�k
+1X

n=0

�
� z��e�Az

�n
ank

Define a new variable: ⌧ = � z��e�Az

We want to sum the transseries in a new regime: z�1 ⌧ ⌧ ⌧ 1

The sum over powers of     can be done exactly!⌧

F(z, ⌧) =
+1X

k=0

z�k Fk(⌧) Fk(⌧) =
+1X

n=0

⌧n ank



ANALYTIC TRANSSERIES SUM

F(z, ⌧) =
+1X

k=0

z�k Fk(⌧) Fk(⌧) =
+1X

n=0

⌧n ank

Recursive calculation:

W (x) eW (x) = x

F0(⌧) =
2

3

✓
1 +W

✓
3

2
⌧

◆◆

F1(⌧) =
1

F0(⌧)

3X

r=0

f (r)
1 (C⌘, C⌧⇧)F0(⌧)

r

Fk(⌧) =
Pk (F0(⌧))

Qk (F0(⌧))

...

Lambert-W function

Polynomials



CONNECTION TO ATTRACTOR

F(z, ⌧) =
+1X

k=0

z�k Fk(⌧) z�1 ⌧ ⌧ ⌧ 1

Choose      large enough to be in above regime, but small 
enough to compare to attractor solution            at early times

z
FAtt(z)

zz

Choose     off the real axis
Analytically continue attractor solution to complex plane

z z = zR + izI

Solve F(z, ⌧) = FAtt(z) ⌧(z) =
X

r�0

⌧r z
�rto obtain

Transseries parameter: � = z�eAz
X

⌧r z
�r



CONNECTION TO ATTRACTOR

We obtain:

� ⇠ �0.245� 0.0128i

Imaginary part approximates the 
value from ambiguity cancelation

⌧0 + ⌧1z
�1 + ⌧2z

�2 + ⌧3z
�3 + ⌧4z

�4

⌧0 + ⌧1z
�1 + ⌧2z

�2 + ⌧3z
�3

⌧0 + ⌧1z
�1 + ⌧2z

�2

1.0 1.2 1.4 1.6
zR
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Im(σ)-S
2



EARLY AND LATE TIMES

We can use the value obtained and perform Borel resummation:

� ⇠ �0.245� 0.0128iwith

SF(z,�) = S��0(z) + � e�AzS��1(z) + �2 e�2AzS��2(z) + · · ·

0.2 0.4 0.6 0.8
z

0.00005

0.00010

0.00015

0.00020

0.00025

0.00030

0.00035

0.2 0.4 0.6 0.8
z

0.75

0.80

0.85

0.90

0.95

1.00

SImF SReF



4. 
FURTHER APPLICATIONS



2D GRAVITY AND PAINLEVÉ I

[IA,Schiappa,Vonk]

• Free energy of 2d gravity obeys Painlevé I ODE

• Phase transitions: study Lee-Yang zeros of partition function

• Method: analytic prediction of poles of Painlevé transcendents 
from analytic transseries summation and Stokes phenomena

u2(z)� 1

6
u00(z) = zF 00(z) = �u(z)

Z(z) = eF (z)

Structure of poles of 
tritronquée, tronquée 
and general solutions



PHASE DIAGRAM: MATRIX MODELS

• Study the partition function of quartic matrix model

• Large N expansion, phase diagram dependent on ’t Hooft moduli
• Phase transitions: study Lee-Yang zeros of partition function
• Analytic transseries summation: determine position of zeros

[IA,Schiappa,Vonk]

Z(N, gs) /
Z

dM exp

✓
� 1

gs
TrV (M)

◆
, V (z) =

1

2
z2 � 1

24
�z4

P1P2 III

phase diagram and 
position of zeros in 
anti-Stokes region



COLLECTION OF OPEN QUESTIONS

Determining Stokes constants
• play an essential role in ambiguity cancelation
• problem specific
• very few known analytically

Analytic properties of asymptotic observables
•phase transitions 
•role of initial conditions
•boundary asymptotic matching

Transseries in gauge theories and matrix models
• asymptotics with multi-parameters
• interpretation of non-perturbative contributions
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