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Higgs bundles on a curve

For a complex variety X, an effective divisor D and a complex reductive

group G, a G-Higgs bundle is a pair (P, ¢) where P is a principal
G-bundle and

¢ € T(X,ad(P) ® Kx(D))
Then we have

There is an algebraically integrable system on the moduli space of

meromorphic Higgs bundles on a curve [Hitchin, Markman, Bottacin, Mukai,
Tyurin]
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A Hitchin system on a complex curve X plays a prominent role in

@ the geometric Langlands program Beilinson-Drinfeld, Kapustin-Witten,

@ the construction of the compactification of the 6d (2,0) self-dual
theory on X viewed as 4d NV = 2 theory Gaoitto, Seiberg-Witten

o (after quantization) relation to the Nekrasov's functions of the
corresponding 4d theory Nekrasov-Shatashvili

o (after hyperKahler rotation) relation to Toda theory and correlation
functions determined by W-algebra Alday-Gaiotto-Tachikawa
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Abstract Higgs bundles

There is a more abstract version of Hitchin system constructed in [Donagi]
and [Donagi-Gatsgory].

By this construction, the usual Hitchin system on X with singularities in D
is an example of a system of an abstract Higgs bundle on X valued in the
line bundle Kx (D).

An abstract G-Higgs bundle is a pair (P, c) where P is a principal
G-bundle on X, and ¢ C ad(P) is a subbundle. Each fiber of ¢ consists of
of centralizers in g of regular elements of G.

There is an equivalence between an abstract G-Higgs bundle and an
abstract spectral data (X, 7) consisting of an abstract cameral cover X
and a suitably transformed T-bundle on X [Donagi-Gaitsgory]
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Valued Higgs bundles

To relate to the usual definition of Higgs bundle, we consider an abstract
bundle (P, c¢) valued in Kx(D) by adding a section

¢ € T(X,c® Kx(D))
and to the spectral data (X, 7)) we add W-invariant collection of maps
X =Ty
Now, we can replace the space of values, the line bundle Kx, by any
family Y of groups fibered over X. A Higgs field ¢ is then a section
pelNX,cxY)

To the abstract spectral data (X, 7) we add collection of maps X — Y,
and in this way we get a moduli space

Higgsa(Y'/X)
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Elliptic fibrations

Suppose that Y is fibered over X, and a generic fiber is an elliptic curve.
Then Donagi has shown that the moduli space Bung(Y') of G-bundles on
Y is isomorphic with the moduli space of G-Higgs bundles on X with
values in the fibration Y — X.

If Y is itself a 2-dimensional algebraically integrable system fibered over X
with elliptic fibers, the resulting Bung(Y') = Higgsg(Y/X) is an algebraic
integrable system
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Vertical hierarchy

Consider now 2-dimensional Y and 1-dimensional X so that Y, are
1-dimensional complex connected abelian groups.

There are three cases for Y:
o the elliptic curve Yy = E =C/(Z @ Z7)

e the multiplicative group Yy = G, = C* = C/Z (nodal degeneration
of E)

o the additive group Yy = G, = C (cusp degeneration of E)
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Rob agi's question

Consequently, we have three versions of valued abstract Higgs bundle on
X:

e Y, = E, and then Higgsg(Y/X) = Bung(Y)
® Y, = Gy =C*, and then Higgsg(Y/X) =7
e Y, = G, =C, and then Higgss(Y /X) = Hitching(X)

Hitchin’s system on the moduli of bundles on an arbitrary curve X, as
well as Markman’s meromorphic extension, involve Higgs bundles with
arbitrary structure group G but with values in a line bundle, which is a
group variety over X with fiber G,. The moduli space of G-bundles on
an elliptic fibration involves Higgs bundles with structure group G' and
with values in the elliptic fibration. Is there an interesting geometric
interpretation of the remaining “trigonometric” case, where the values
are taken in G,,,7

Donagi, Geometry and integrability, 2003

Vasily Pestun (IHES) Multiplicative Higgs bundles 02 July 2019 9 /58



Purpose of this talk

The purpose of this talk is to answer Donagi's question on an interesting
geometrical interpretation of

mHiggsc(X) = Higgsc (Y /X)

for the multipliative case of Yy, = G,, = C*.
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Qutline of the results: symplectic leaf

mHiggsfé’;goo (X; D) is a symplectic leaf in Poisson-Lie rational loop group

Gi1(K (X)) and carries a holomorphic symplectic structure induced by
rational Sklyanin Poisson structure

@ The dimension of symplectic leaf is 2 (&, p)

@ There is an integrable system fibration
mHiggs¢> (X; D) 2 Bg(X, D)

where the projection map is generated by evaluation characters of G,
and the fibers are half-dimensional complex flat tori (possibly
non-compact)
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Outline of the results: algebraic integrable system

@ For a semi-simple G and a regular semi-simple framing g.. € G, there
is a symplectic reduction

fr,0,red . fr,0 )

mHiggs¢,, "~ (X; D) := mHiggs¢,, (X;D)//T
where the Hamiltonian functions for the T action are generated by
resy.. x(g(x)), and dim¢ mnggsfr 0 red(X; D) = 2(p,&) — 2rankG

@ The reduced space mnggsg_zor:d(X; D) carries a structure of the
fibration of algebraic integrable system whose Lagrangian fibers are
generically compact abelian varieties.

@ A holomorphic complex structure on mnggsfrO red(X D) can be
lifted to a canonical semi-flat hyperKahler structure
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Outline of the results: Periodic Monopoles and

HyperKahler geometry

@ There is an analytic isomorphism D Donaldson-Uhlenbeck-Yau /
Kobayashi-Hitchin / Simpson / Charbonneau-Hurtubise/ Mochizuki between the
locus of polystable multiplicative G-Higgs bundles and the moduli
space of singular monopoles on flat Riemannian 3d space X x S!

mHiggsfév;(;,;ed,ﬁ?olystable(x; D) D_’; Mongf(x % 51; D)

The hyperKahler moduli space of singular monopoles on X x S viewed in
twistor structure ( = 0 as holomorphic symplectic variety is isomorphic to
a symplectic leaf in Sklyanin's Poisson-Lie loop group Gi(K (X))

QSklyanin r—matrix(mHiggs) = D*QHK,CZO(Mon)
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Outline of the results: twistor rotation and difference

connections

In the additive case, usual Hitchin moduli space on X after twistor
rotation is symplectomorphic to the moduli space of complex flat
connections: a space of pairs (P, A) where P is a holomorphic G-bundle
on X, and A is a holomorphic (1, 0)-connection 1-form.

Here is a parallel statement for multiplicative Higgs bundles

In the limit R — oo with 2w R( = ¢, the moduli space of singular
monopoles on X x 5,1? at twistor point  is isomorphic as holomorphic
symplectic variety to the moduli space of G e-connections on X.

For an automorphism € of X, an e-connection on X on a principal
G-bundle P is a morphism P — ¢*P. Trivialization of a G-group valued
e-connection A(x) amounts to solving the difference equation

P(x +€) = Alx)(x)
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Conventions

We'll focus on horizontal rational case X = C = P!\ {co} but the
technique is equally well applicable to X = C* or X an elliptic curve

Fix (X = P!, dx) where dx € T(X, Kx(2xx)) is a 1-form with a degree 2
pole at the infinity x,, = oo € PL.

Fix a divisor D = (x;, ;) on X valued in a cone of dominant co-weights of
the coweight lattice A.
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Multiplicative Higgs bundle

Definition (Hurtubise—l\/larkman'OQ)

A multiplicative G-Higgs bundle on X framed at x,, € X with singularities
in a co-weight valued divisor D is a pair (P, g) where P is a principal
G-bundle on X with a framing fixed at x.., and g is a section

g c F(X,P X G AdG)

of group valued adjoint bundle on X such that near each (x;,&;) € D
there exists local holomorphic sections holomorphic g;(x), gr(x) such that
g(x) = gL(x)(x — x;)* gr(x) where &; is the co-weight morphism

Qi C* — Tg,x +— x¥i at x; € D; and g(xo0) = goo € G. The element
8o € G is called framing.
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Singularities and orbits in affine grassmanian

More abstractly, in a formal neighborhood of each puncture x; € D, a
restriction of multiplicative Higgs field g(x) defines an element of algebraic
loop group LG = G((z)) where z = x — x;. This element is well defined up
to the adjoint action of LT G = G|[[z]]. Also, the singularity class does not
change under the left or right multiplication by G[[z]]. Consequently, the
singularity class G((z)) element is a coset in the affine Grassmanian

Gllz]]\ 6((2))/G[lz]] = L"G \ Grg

Orbits in affine Grassmanian are in canonical bijection with with dominant
coweights of g, so fixing a degree a the puncture is fixing a dominant
coweight &y, at each x; € D.
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Moduli space

Definition

A moduli space
mHiggs¢,g. (X; D)

is a moduli space of multiplicative G-Higgs bundles on X framed at xo
with singularities defined by D

These spaces have been considered before, sometimes under the name of
moduli space of G-pairs. Earlier works inlcude

@ Bottacin'95

@ Arutyunov, Frolov, Medvedev '97

@ Cherkis, Kapustin '00

@ Braden, Chernyakov, Dolgushev, Levin, Olshanetsky, Zotov '03,'07
@ Hurtubise, Markman '02
@ Frenkel and Ngb '11
@ Bouthier '14, '15
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Calabi-Yau condition on X

While the structure of multiplicative Higgs bundle makes sense for any
curve X, the moduli space carries canonical symplectic structure only in
the very special situation, when curve X is Calabi-Yau with specified
non-degenerate section of the canonical bundle Kx, and this is possible if
X is flat curve, i.e. X is (a compactification of) C, C* or elliptic curve.

One can think about C and C* case as a smooth open locus of a
degenerate cuspidal or nodal elliptic curve respectively.

For the rest we focus on the horizontally rational case X = C U {x} = P*
equipped with 1-form dx (it has a degree 2 pole at x).

The case of X being an elliptic curve was studied in Hurtubise-Markman'02

Vasily Pestun (IHES) Multiplicative Higgs bundles 02 July 2019 19 / 58



Rational Poisson-Lie group

Let K(X) be the the field of rational functions on X. Let G(K(X)) be an
infinite-dimensional Lie group value in the field K(X) of rational functions
on X, and let Gi(K(X)) denotes a subgroup of elements framed at infinity

{g € G(K(X)) | &lx)}=1.

Then G1(K (X)) carries a structure of Poisson-Lie group where the
Sklyanin Poisson structure is defined by the rational r-matrix with the
kernel

Q

X1 — X2

r(xi, x2) =

where Q2 € g ® g is a quadratic Casimir induced from a Killing form on g
Sklyanin,Reshetikhin, Reyman, Semenov-Tian-Shansky'83
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Sklyanin's bracket

Given an algebraic function ¢ : G — C and a point x € X we consider
evaluation functions ¢, : G(K(X)) — C that are compositions of ¢ and
evaluation map at x

Ox - g = d(g(x))
The r-matrix defines Poisson bracket on the evaluation functions ¢,,, ¢x,.

The left and right gradients of the evaluation functions at g € G(K(X))
on a vector field £ on G(K(X)) are defined as

(6 Vi) = SOl g(lco. (6 Vr(6:)) = S o(E0IE)] g

dt
Then Poisson bracket of ¢y, and 1y, at g € G(K(X)) is given by

- (Vu(0). Vi) — (Va(n): V(i)

{03, 1 }(8) =

where (,) is a pairing on g* induced from a Killing form.
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Adjoint invariant functions on G

Notice, that if ¢y is an adjoint invariant evaluation function on G(K (X))
then V¢« = VRroy, and consequently, if ¢,, and 1, are adjoint invariant
evaluation functions, then

{¢X171/}xz} =0

Consequently, the intersection of the image mHiggsk(X, D) — Gy[[x!]]
with a fiber of the Chevalley map

X Gllx T = T/ W

is isotropic for the Sklyanin Poisson structure.
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mHiggs as a symplectic leaf

Now we'll demonstrate the main steps in the proof of the theorem

The subvariety mHiggstr’;Zoo (X; D) C Gi(K(X)) is a symplectic leaf with
respect to Sklyanin's poisson structure on Gi(K (X)) defined by the

rational r-matrix. Consequently, mHiggsfé—’.goo (X; D) C Gi(K(X)) carries
canonical holomorphic symplectic structure of the rational r-matrix type

First we'll consider the deformation complex and identify the tangent
space to a multiplicative G-Higgs pair (P, g).
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Left and Right deformations

For a group valued section g € (X \ D, Adp), a deformation in TG of g
can be identified with the tangent space at the unity of the group (the Lie
algebra) either by the left or by the right multiplication.

In matrix notations (e.g. in a faithful representation) we can present the

deformation as
sg=¢g+gtf, geGegy

with the equivalence relation
(€5, €7) ~ (€1, €F) + (Adgg, —¢)

where Adg§ = gég L.

That is to say that away from D, the pair (¢5,£R) is a section of the

quotient bundle ap

(Adgvfl)
p — gpDgp —ap
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There are usual gauge transformations, their infinitesimals are
parameterized by sections of gp[1]. Consequently, the deformation
complex of multiplicative G-Higgs pairs on X with a framing at x is

1,-1
(apl1] "7 0) ® O(—xx)
If X = P! and we fix P to be a trivial bundle on X with framing at infinity,
there are no non-trivial deformations of P, and non-trivial automorphisms.

Consequently, the deformation complex of multiplicative G-Higgs pairs is
concentrated in degree 1.

Now we consider the tangent space TomHiggs and compute its dimension
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Dimension of mHiggs moduli space

By the equivalence on the space of (§L,£R) deformation pairs we have
(€5,67) ~ (€F + Adgs, €7 — €) ~ (€1 + AdgeR, 0)

Assume that g(x) is generic near each singularity x;, i.e. assume that g(x)
is regular semi-simple as x — X;. In this case the map Adg() is
diagonizable near x;. Let x-dependent Cartan subalgebra h, be a
centralizer of g(x), and assume that there is a limit b, := lim,_, hx at
each singularity x;.
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Let gx = by & Y, Ja,x be the splitting with respect to the Cartan
subalgebra by, and let e, x be generators of gq .

Then the tangent space TymHiggs'L(X, D) in the equivalence frame
(€L,0) is generated by the sections

Z Z Z eax,f:ak,a(x_xl) (awy >’ £i7067ki,a eC

wY)>0 ki o=1

whose singular parts at each x; are in the image of the Ad,-map.
Assuming that w is dominant, the singular part is contributed only by the
positive roots « > 0, and for each positive root «, the degree of pole at x;
is (@;, a). Consequently, the total dimension of the deformation space is

Z Z (d}x,.,a> = 2<C‘,)tot7p>

a>0x;eD
where Weyl vector p is p = %Z(Doa and ot = D, cp Wx;-
1
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Given that mHiggs(X, D) C Gy(K(X)) is a finite-dimensional subvariety,
now we'd like to show that this subvariety is a symplectic with respect to
Sklyanin's Poisson structure 7 on G1(K(X)).

Pointwise, a tangent space T,,S to a symplectic leaf S C M in a Poisson
variety M at a point m € M is defined to be the image of Imm of the
Poisson map m: T*M — TM. The Jacobi identity guarantees that the
distribution of subvarieties Imm C T, is integrable.

To a local function (a Hamiltonian) ¢ : M — C in a neighborhood of
m € M in a Poisson variety M we associate a Hamiltonian vector field £,

§o =md¢
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For local functions ¢,, Hamiltonian vector fields {4, {y, belong to a
tangent subspace T,,S to a symplectic leaf.

A symplectic structure Q € A>T*S on S is induced from the Poisson
structure m on M by the relation

QXy, Xy) = 7(do, dip)

We'll start from the Sklyanin’s bracket and Poisson structure 7 on
M = G1(K(X)), then
@ show that image of 7 at g € mHiggsk(X, D) C K(Gi(X)) is
TgmHiggstr(X, D)

@ determine the symplectic form Q € A2 T*mHig;g;str(X7 D) such that

Q(Xy, Xy) = m(d¢, d1p) for any local functions on K(G1(X))
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Invariance of Q

We'll start from a formula for Q on mHiggs®(X; D).

Let U; be small disks around punctures x; € D U {xo}. We represent a
tangent vector field £ € TgmHiggsfé(X, D) by a set of sections (§L,£R)(,-)
regular in each disc U;, and by a section (£L, £€R)g regular away from D.

Then, for £, ¢ € TymHiggs%(X, D)

1

Q&8 =——=>_ ¢ (&) - €fes
21v/—1 “~ Jou.

Notice (&, ') that is well defined. Under the change of the equivalence
frame in the second argument (&L, ¢R7) — (€1 ¢R") + (Adg ¢, —(')

/ ! 1 L !/ R /
Q(&,¢") = Q(&,¢) + mzi:jéu,@i , Adg (o) + (&5 Co)
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we have

S, et Akt + €. = 30 | Adeet 6. =
“3 e+ .G -

——f (Adgsch+ €. =0
oy

and hence Q2 is invariant under equivalence in the second argument.
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Antisymmetry of Q

Now, by a suitable choice of equivalence frame we can set ¢§’ = 0 and
this frame &€& + Ad &R = €5/, therefore

(e, €) Zf (eh €t + Adg 27”2]4 (e A

Alternatively, we can set £5' = 0, and in this frame ¢/ = ¢f/ + Adg—lg’-L/,
hence

A6 =5 D f (T Adtt) =55 (e gt

By comparing the two expressions

Q(é’ f/) = _Q(é./a 5)
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Symplectic form on mHiggs

Now we'll demonstrate that the symplectic form Q on mHiggs C G;(K(X))
comes from the Sklyanin’s Poisson structure on G (K(X))

Q(&[Jxl ) §¢x2) = _{wxla ¢X2}
We can choose the following equivalence frames for the vector fields

1
w — X1

Epg (W) = (€5, 60,)i =

€ (W) = (£5,:65 )0 =

(Adg><1 VRYx, VR )

(Adgx2 VR¢X2 - AdngR¢X27 0)

W — Xo
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Symplectic form on mHiggs

and evalute Q(y, ,&s,,) from the definition:

Q(wal ? wa2 ) =

dw
2m Z éu —x1)(w — x )<AgX1vR¢X1’AgxzvR¢X2 Ag, VROx) =
-1 -1
= X] — X2 <Agx1 vR,l/})q’ Agxl VR¢X2> X] — Xo <Agx1vR¢X17 _Agx2vR¢X2> =

(VR Vo) — (Vit, Vidw)) = — (. b}

X1 — X2
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Periodic Monopoles

Now we switch the context from the complex algebraic geometry to real
differential geometry and consider a moduli space of solutions to
non-linear partial differential equations known as monopole Bogomolny
equations defined on a real 3-dimensional Riemannian manifold.
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Periodic Monopoles

Take X to be R? ~ C with a flat Euclidean metric, and M to be a flat 3d
Euclidean manifold M = X x S. Lift the divisor D C X to D C M by
taking m; = (X,',S,') with x; € X, t; € St

Let G. be a maximal compact real form associated to G, let P. be a
principal G.-bundle on M\ D equipped with a smooth connection A and a
smooth g-valued scalar field

¢€r(M\DaPXGch)
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Periodic Monopoles

Definition

A monopole on M with Dirac singularities at m; € M co-weights &, is a
pair (A, ¢) of a connection A and adjoint valued scalar field ¢ on M that
satisfy

FA = *DAqb

such that near each m; a solution is an image by the co-weight map
Om,; : U(1) = Tg, of the unit U(1) Dirac monopole with singularity at
m — m;.

A unit U(1) Dirac monopole is a local 3d configuration of the form

1 1
o(r)=—— F(r) = ?volsz, r—20

where r = |m — m;| and where volg: is a volume form on a two-sphere S2
centered at r = 0. In particular magnetic field has unit flux % f52 F=1
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From monopoles to multiplicative Higgs bundle

Given a monopole on X x S!, restrict the fields (A, ®) to a horizontal slice
X x {sp} which does not contain any Dirac singularities.

Then the (0,1) part of the horizontal connection d4 determines the
structure of the holomorphic G-bundle on X.
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From monopoles to multiplicative Higgs bundle

Monopole equations imply
[04, Vs +19] =0

which in turns imply that in the trivialization in which d4 = 9 the
holonomy

g(x) = Pexp% (As + 1®)ds
{x}xS?
is holomorphic on X \ D. Hence, we have a holonomy morphism
[Kapustin-Cherkis]
‘H : Mon — mHiggs
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We define the space of polystable multiplicative G-Higgs bundles to be the
image of the holonomy map

Spolyst“able

‘H : Mon — mHigg — mHiggs

Then a version of Donaldson-Uhlenbeck-Yau/Kobayashi-Hitchin
correspondence provides algebraic description of the stability condition on
mHiggs. The idea of this correspondence is to build the reverse map

D : mHiggsP<t?b'e _; Mon

by showing there exists an S%'-invariant harmonic hermitian metric on an
associated holomorphic vector bundle on X x S! x S where S/ is an
auxilary circle used to compactify the self-dual Yang-Mills equations into
Bogomolny equations.
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Such harmonic metric can be build by running a gradient descent on the
Yang-Mills functional: this is a parabolic non-linear partial differential
equation (non-linear heat flow).

A hard part of the analysis is to show that the non-linear heat flow
actually reaches the harmonic metric in the limit of the infinite time.

For compact complex surfaces the proof was given by Donaldson'83, then in
Simpson'88 the heat flow was extended to non-compact surfaces with
certain assumption (in particular an assumption of a finite-volume).
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Using Simpson’s methods, Charbonneau-Hurtubise'08 extended the proof to
the situation of monopoles with Dirac singularities on a space X x S?
where X can be compactified to a finite volume. For example, for CH'08
theorem we can take X to be P! of finite folume or an elliptic curve.

Finally, Mochizuki’17 was able to relax the finite volume assumptions of
Simpson'88 and consequently constructed the DUY /KH correspondence D
from multiplicative polystable bundles on P! = C U {co} to singular
monopoles on C2 x S?

S polystable

D : mHigg — Mon
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The space of singular monopoles Mon on R? x S,{, comes with a natural
hyperKahler structure induced from the canonical hyperKahler structure
on the space of fields (A, ®) and the monopole equations treated as a
hyperKahler moment map for the gauge group action.

A hyperKahler structure can be thought as a twistor (-family of
¢-holomorphic (2,0) symplectic forms Q¢ .
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Given DUY/KH map
D : mHiggsPt?P%e _; Mon
we can pullback hyperKahler structure Q¢ g to mHiggsPoYstabe and define
Q¢,r(mHiggs) := D*Q¢ r(Mon)

Next we'll demonstrate the following theorem

The holomorphic symplectic structure Q¢ r(mHiggs) induced from the
hyperKahler structure on the moduli space of monopoles at ( = 0 is equal
to the symplectic structure Qsujyanin on mHiggs C G1(K(X)) obtained
from the Sklyanin’s Poisson structure on the Poisson-Lie group Gi(K(X))
with rational r-matrix
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Now we compute D*Q¢—g g(Mon((X x S!)) assuming X = C2.

Let x, X be coordinates on X (horizontal), and s be coordinate on St
(vertical). Lift monopole on X x S} to S'i-translationally invariant
self-dual connection Aon X x Y = X x S} x S}’ with A; = ®. Then take

A= Acdx + Axdx + A,dy + Aydy

where y = s + it.

The complex part of Bogomolny equations becomes (0, 2)-flat curvature
equation FO%2 — 0, that is

[0z + Az, 05 + Aj] =0
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A Calabi-Yau holomorphic (2,0)-form v = dx A dy on X X Y, together
with a Killing form on g, induces a bilinear (2,0) antisymmetric form on
the moduli space of holomorphic G-bundles on X x Y as follows:

Qnion(0A, 5A") = / v AtrdA A GA
XxY

equivalently

QMon(5A7 (5AI) = / v Atr 5/40’1 VAN (5A’071
XxY

since dAj o, 01,0A" variations are projected by Av, and the integrand is
(2,2) form.
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Our goal is to show that
QMon(5A7 (5AI) = / v Atr (5A071 A (5A/0 1
XxY ’

on Mon coincides with

QmHiggs(§7£/) \/7 Z% §I §IR€ >

on mHiggs.
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First we choose a cover of X by small discs U; enclosing the singularities x;
and possibly x5, and let Uy = X'\ |J; U;.

Since connections A defining Mon satisfy F92 =0, it holds for a variation
0Ao,1 that 946A0,1 = 0, and consequently in each local chart
U; x (0,27R) there is a potential b() such that

0Ag) = dabl)
Moreover, assume that holomorphic G-bundle on X x {0} = X x {27R}
does not have deformations (for example trivial). Then, by local gauge
transformations we can choose b1 such that_
Oab|s—g = 0ab)|s_orr = 0, that is d4 = d when restricted to s = 0 or
s =27R.
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Since b() generate local gauge transformations, the variation of the group
Higgs field defined by the monodromy g(x) = Pexp f{x}xsl Aydy is

0g(x) = £H(x)g(x) + g(x)E7 (x)

where
eH(x) = b(x,0)  £R(x) = b(x,27R)

It remains to see if we can integrate
QMon(0A, 6A) = / v Atrdab A dab
XxY

and express the result in terms of the boundary terms (&L, £R)(),
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Since 03 = 0 it holds that v A trdab A dab’ = d(v A bOab') and we
integrate to the boundary of each U; by the Stokes formula

n 3
Qpion (0A, A" = Z /6 oot v A bab

There is no contribution from the bases of cylinders U; x {0}, U; x {27 R}
because of our choise 9ab =0 at s = 0,27R.

Because of our choice of the cover, f Uy = — Z#O 0U;, and consequently

Qmon(0A, 0A") =
i£0
where we used that on the boundary OU; there is agreement in variations
Oab} = 0aby,.

/ v A (b; — bg)dab}
OU; x (0,2t R)x S/
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Now we can integrate by parts once again since Oab; = Oabo
(bi — bo)Dab} = Da((bi — bo)b})

from

Qmon(8A, JA") = Z/ v A (b — bo)3ab!
AU;x (0,2 R)x S}/
we obtain by Stokes
QMon(0A = ab, SA' = Gab') = Z/ dz(trefer —treleR)
i#0

which exactly matches the formula for Q(mHiggs) obtained by the
restriction of the Sklyanin's rational r-matrix Poisson structure on the
symplectic leaf mHiggs in the rational Poisson-Lie group Gi(K(X)).
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To summarise, we've shown that

o mHiggsibP?Y*¥"(X D) is a symplectic leaf in rational Poisson-Lie

loop group Gi(K(X)) and carries Sklyanin holomorphic symplectic
structure determined by the rational r-matrix

@ Sklyanin holomorphic symplectic structure on mnggsfr polystable x D)

matches the ¢ = 0 hyperKahler structure on Mon(X x S!) under the
Donaldson-Uhlenbeck-Yau / Kobayashi-Hitchin / Cherkis-Kapustin
correspondence between periodic monopoles and multiplicative Higgs
bundles.

Closely connected works are

@ Gerasimov-Kharchev-Lebedev-Oblezin’05 on Yangian and quantized singular
monopoles on R3

@ Kamnitzer-Webster-Weekes-Yacobi'l4 on Yangian and slices in affine Grassmanian

@ Braverman-Finkelberg-Nakajima'l6 on Coulomb branches and slices in affine

Grassmanian
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Now, for an automorphism ¢ of the curve X we can consider the moduli
space of monopoles on the twisted product M, = X x. S, where X is
fibered over S! such that there is a monodromy € when X is moved
around the circle St.

If X is flat (for example X = R?) and ¢ is an isometry (for example a
constant shift x — x -+ ¢), the resulting moduli space Mon(X x. S*) carries
hyperKahler metric induced from the flat Euclidean structure on X x. S?
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In the complex structure ( = 0, a complex part of the Bogomolny
equations defines a parallel transport from s = 0 to s = 27 R with an extra
shift by € along x. Consequently, we have a map

Mong, (X x. S*) — Conn%(X)

where Conn{;(X) denotes the moduli space of pairs (principal G-bundle P
on X, e-difference connection on P).

The reverse map can be computed again by the Donaldson technique:
running the heat flow equation on a Hermitian metric in a holomorphic
G-bundle until the metric becomes harmonic [Mochizuki'17]

The space Conng(X) is a difference version of the moduli space of flat
connections on X that is usually treated in the “de Rham” picture of
geometric Langlands.

Vasily Pestun (IHES) Multiplicative Higgs bundles 02 July 2019 54 / 58



Steinberg section

The symplectic space mHiggsZ (X, D) comes with a structure of the
fibration of algebraic integrable system

mHiggsfé(X, D) 5B
induces from the adjoint invarint projection (Chevalley)
Gi[x 1] > Tallx1l/w

where T is the maximal torus in G and W is the Weyl group. Typically (if
G is simple simply-connected, for example), x is generated by the
characters of the highest weight fundamental representations.

The projection x comes with a natural section s constructed by Steinberg'65

Tillx /W = Gi[[x]]
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e-difference opers

@ Under the e-twist which deforms mHiggs; (X, D) to Conng (X, D),
the Steinberg section becomes a half-dimensional subvariety of
Conn{ (X, D) that is a finite-difference analog of the brane of opers.
The brane of opers also appears as a mirror of the canonical
coisotropic brane [Kapustin-Witten'06, Nekrasov-Witten'10] quantizing
moduli space of Higgs bundles.

@ The quasi-diagonalization of e-difference opers yield the Bethe ansatz
like equations for the spectrum of the quantized integrable system
built on multiplicative G-Higgs bundles (see e.g. Frenkel-Reshetikhin'98,
Sevostyanov'98, Nekrasov-Pestun-Shatashvili’13, String-Math'17 talk, and
Koroteev—Sage—ZeitIin'18)

e Futhermore, h-quantization of e-difference opers yields the difference
(e, h)-W-algebra whose currents are also known as (€, hi)-characters
Nekrasov'15, Kimura-Pestun'15.
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@ A moduli space multiplicative G-Higgs bundles for G of ADE type is
identified with Coulomb branches of A/ = 2 ADE quiver gauge
theories Cherkis-Kapustin, Nekrasov-Pestun, Braverman-Finkelberg-Nakajima

@ SYZ duality on the fibers of the integrable system of multiplicative
Higgs bundles provides geometric view on the g-geometric Langlands
Frenkel-Reshetikhin, Aganagic-Frenkel-Okounkov

@ Quantization of mHiggs in complex structure { = 0 provides Yangian
modules and various versions of spinchains and analytic Bethe-ansatz

@ h-Quantization of Steinberg section in complex structure € leads to
h, e-Walgebras and that relates to Vertex algebra at the corner
Gaiotto-Rapcak, and COHA of Kontsevich-Soibelman Rapcak, Soibelman,
Yang, Zhao

e Quantization of mHiggs by the path integral of § pdq leads to the
semi-holomorphic Cherns-Simons theory on X x S! x R} Nekrasov'96,
Costello-Witten-Yamazaki'l7 in the same way as quantization of flat
connections on X leads to Chern-Simons on X x R! Witten'89
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Thank you!

Vasily Pestun (IHES) Multiplicative Higgs bundles 02 July 2019 58 / 58



