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Scattering amplitudes are the fundamental
tools for making contact between quantum field
P & theory description of nature and experiments

» Comparing particule physics model against datas from accelators
» Post-Minkowskian expansion for Gravitational wave physics
> Various condensed matter and statistical physics
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Physics arguments indicate that any quantum field theory amplitude
can be expanded on a finite basis of integral functions

A%:L(;(;E = Z coeff; Integral; 4+ Rational function
i€eB(L)

> What is the dimension of the basis B(L)?
» What are the functions in the basis?

e Feynman integrals are highly transcendental functions with a lot
singularities

» How can we achieve such decomposition?
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Feynman Integrals: parametric representation

The integral functions in the basis are Feynman integrals with L-loop
and ninternal edges

(L+1)D n—1

LD Ur(x )"
/ s,m)F<n—>J Qr; Qri=———— ax;
r( 2 ) ), r Frix H j
Ap:i={x1>0,..., Xn = 0llxq, ..., ] e P}

If the integral diverges for D € IN* then one considers the Laurent
expansion

r(sm= Y €(ssm) D=D,—2eD,e N 0<e<1

r=—m
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Feynman Integrals: parametric representation

The graph polynomial is homogeneous degree L + 1 in P

n
Up(x) = Z Ug,,...a, HX,-‘a', Vr(x) = Z Sa,,...,aonia’
i=1

aq+-+an=L =1 aq+-+anp=L+1
0<aj<t 0<a;<1

Ua,,. .a, €{0,1}and S, ... a, are linear combination of the kinematic
variables

From 5 we can reconstruct the associated Feynman graph I
» the number of edges is n
> the loop orderis L = deg(Fr) — 1
» Number of vertices v = 1 + n— L from Euler characteristic of the
planar graph

Pierre Vanhove (IPhT & HSE) Mirroring Towers of Feynman Integrals 4/07/2019 5/33



Feynman Integrals: parametric representation

[L+1D n—1
LD Ur(x)"
/r(§, m) =T (n— 2) JA Qr; Qp:= RCSXr ( 3‘( ) H dX,)

Algebraic differential form Qr ¢ H"~1(IP"~"\ Xi) on the complement
of the graph hypersurface

Xr == {Ur(x) = 0&Jr(x) =0,x € P}

» Generically the graph hypersurface has non-isolated singularities
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Feynman integral and periods

An ¢ H'1(P"~"\X) because

we have to look at the relative conomology H®(P"~"\Xr; I,\ 1, N Xr)

The normal crossings divisor /1, :={x; --- x, = 0} and X are
separated by performing a series of iterated blowups of the
complement of the graph hypersurface siocn, esnaut, kreimer
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Differential equation

The Feynman integral are periods of the relative cohomology after
performing the appropriate blow-ups

M(s, M) == H* (P \Xr; I\ I, N Xr)

Since O varies with the kinematic variables s and internal mass m
one needs to study a variation of (mixed) Hodge structure

The Feynman integrals inhomogenous differential equation

Lpr Ir = Sr

Generically there is an inhomogeneous term Sr # 0 due to the
boundary components 0A,

Deriving this differential equation is difficult in general and requires a
lot of computer resources and is still a major question in QFT
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Gel’fand-Zelevinsky-Kapranov approach

Unitarity in QFT motivates considering the following period integral

)
P = —(——— Qr O<ex 1
(i)™ Jixg = =lxal=e

Consider the toric polynomial

IR = Y AX
veA(T)Nzn+1
» Jr(x) is a specialisation of the toric deformation parameters to the
physical locus £, — (s, m). The map is linear
» 7tr is a period integral for the Calabi-Yau hypersurface Xa. and is
a GZK A-hypergeometric series
The Feynman graph hypersurface is highly non generic
> The system often resonant and reducible
» Obtaining the minimal order Picard-Fuchs operator this way is not
an easy task as one must restrict the D-module
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Geometry for Feynman graph motives

What is the geometry governing the Feynman graph motive?

@ One-loop graph hypersurface degree 2 in P’
e The motive structure is the one of dilogarithms
© Two-loop graph hypersurface degree 3 in P
e for n = 3 Brown-Levin elliptic multiple polylogarithms (giocn, vanhove;
Adams, Bogner, Weinzierl]
e For n > 4 motivic elliptic curve for the Hodge structure (sioch, boran, Kerr,
Vanhove (work in progress)]
© family of sunset graphs : n— 1-loop graph hypersurface degree n
in IP” 1 def|ne Calab|'YaU n— 2'f0|d [Doran, Novoseltsev ,Vanhove] (th|S talk)
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The sunset graphs family
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The sunset family of graph

The graph polynomial for the n — 1-loop sunset

FR(X) = x1 - Xn (5(x) = p%) ; b5 (x) = (; +oot ;) (mixi + - + mixn)

1 n

The Feynman integral in D = 2

1 "l g
(02, m?) — J ax
nipr X130, x>0 P? — 7 (X) o1 X

and the classical period

1 dx;
(02, m? J . il
(P a7 x| = =lxpl=1 P? — GR(X) [ Xi

i=1
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The sunset integrals and / -function values

For the special value p?> = m? = - .- = m? = 1 the sunset Feynman
integral becomes a pure period integral (sioch, kerr, vanhove]

© _ 1_[,(7;11d|0gx,-
PO, 1) = 1 1
x,-201_(z_|_...+7n) (Xq 4+ -+ Xxp)

Using impressive numeric experimentations [Broadhust] found that
°A,..., 1) is given by L-function values in the critical band. For large
n the L-function are from moments Kloosterman sums over finite fields
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The sunset integrals and / -function values

For the special value p?> = m? = --- = m? = 1 the sunset Feynman
integral becomes a pure period integral (sioch, kerr, vannove]

—1
J i1 dlogx;
x,->01—(xl+---+xln) (X1 + -+ Xn)

1

These special values realise explicitly Deligne’s conjecture relating
period integrals to L-values in the critical band

n = 3: elliptic curve case : [5(1, ..., 1) =1¢(2)
n= 4: K3 P|Card I’ank 19 . /f(1 ..... 1) — %L(f}(3, 2) [Bloch, Kerr, Vanhove]

> L(fk,, s) is the L-function of H2(K3,Qy)
> Functional equation L(fxs, s) o< L(fx3,3 — 5)

> fig =n(TINBN(5TN(157) 3, , g7 A
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The sunset integrals and exponential motives

The Feynman integral for 0 < p? < (my + -+ m,)?

ulo(+/p2u) [ Kolmu)au
i1

The classical period for p° > (my + -+ mp)?

o0

I9(p?, m?) =21 J
0

1 [ n
(P ) = JO ukol( /o2 T o(miu)du
i=1

where we have the modified Bessel function of the first kind

1

h(z) = —
b(2) i

z 1 e z :
J e ittt diogt; Ko(2) J e 1) dlogt
It =1 0

There are exponential period integrals in the sense of the non classical
exponential motives developed by [Fresan, Jossen]
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Sunset Ap-toric variety
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Sunset graphs toric variety

The sunset graph polynomial

oo (£e) (£.2) )

is a character of the adjoint representation of A, 1 with support on the
polytope generated by the A,_4 root lattice
» The Newton polytope A, for F¢ is reflexive with only the origin as
interior point
» The toric variety X(A,_1) is the graph of the Cremona
transformations X; — 1/X; of P
X(An—_1) is obtained by blowing up the strict transform of the
points, lines, planes etc. spanned by the subset of points
(1,0,..., 0), (0,1,0,..., 0),...,(0,..., 0,1)inP"*
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Two-loop Sunset toric variety

(Maxy + Maxa + M3X3) (X1 X2 + X1 X3 + XoX3) = PPX1X2X3

LyL,

» The toric variety is X(As) = Bl3(IP?) = dPg blown up at 3 points
» The subfamily of anticanonical hyperspace is non generic
The combinatorial structure of the NEF partition describes
precisely the mass deformations

» True for all n
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Sunset graphs pencils of variety

For p? « IP" we define the pencil in the ambient toric variety X (A, 1)

n

X2 (A1) ={(P?, X) € P! x X(An_1)IX1 - Xn <Zm x,> (Z ;) — PPy -+ Xp = 0}

i=1

The fiber at p* = oo is I, = {x; - - x, = 0}

Since 11, is linearly equivalent to the anti-canonical divisor of X(A,_1)
the family has trivial canonical divisor: We have a family of (singular)
Calabi-Yau n— 2-fold

This is specific to this family of associated with root lattice of A,
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The lterative fibration
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The lterative fibration

The sunset family (37, m2x;) (Z,’-’:1 %) — p? =0 is birational to a
complete intersection variety in P"

1 &1 4
7+Z;:O, p2X0—|—Zm,'2X,':O
0 =7 i=1

Obviously X (A, 1) is obtained from X(A, ») with the substitutions

1 1 l 2 2 2
— + y mn_1Xn,1 — mn_-Ian'] + man
Xn—1 Xn—1  Xn

X(A,_1) is fibrered over X(A) = P! with generic fibers X(A,_5)

X(An—2) = X(Ap1) = X(A)) =P
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The lterative fibration

The geometric phenomenon at work that the n-loop sunset
corresponds to a family of Calabi-Yau (n— 1)-folds each of which is a
double cover of the (rational) total space of a family of (n— 1)-loop
sunset Calabi-Yau (n — 2)-folds.

At the level of the integrals this

+oo
I5(p?, mP) :J Iy (pz,m'?,(m?,,1 A +z‘)> dlogt
0
and for the classical period
2 2 1

(p?, m?) = %JItH <, (pz,mz, (m?  +t"m2)(1+ t)) dlogt

This construction allows to understand the geometry and build the PF
operator for all loop orders [Doran, Novoseltsev, Vanhove]
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The two-loop sunset graph

mg
m1

The pencil of sunset elliptic curve
Xpe(Az) = {(P?, X) € P? x X(A)|(Mix1 + Mbxz + M Xs) (X1 Xz + X1 X3 + XaX3) = P° X1 Xo X3}

The fibers types are
> Generic case my # Mo # s

k(0) + ls(00) + 411 (1); W = (£my £ mp + mg)?
> single mass my; = m» = my # 0 : modular curve X;(6)
l2(0) + ls(00) + I5(M?) + h(9nP)

The Feynman integral is an elliptic dilogarithm sioch, kerrvanhove]
H?(IP?\{x1 x2X3 = 0}, Xo, Q(2))
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The 3-loop case : pencil of

1
Dsz(Aa) = {(,02,5) c P! x X(Asz)] (m12X1 + m§x2 + m§x3 + m§X4) (7 +---+ *)
1

m4

1
X4

P}

Generic anticanonical K3 hypersurface in the toric threefold Xa- has

Picard rank 11

The physical locus for the sunset has at least Picard rank 16

masses fibers Mordell-Weil | Picard rank
(m4,m1,m2,m3) 8/1 +2Ig+2l6 2 16
(m4:m1,m2,m3) 8l + Iy + 2 2 17
(m4 my, My = m3) 4/1 +4I2 + 2’6 1 17
(m47m1 ms = mg) 4l + 2 + Iy + 215 1 18
(m47m1 mg,mg) 8/1 +l4+2/6 3 18
(M4, My = My = ms) 4l + 4l + 215 2 18
(m 7m1:m2:m3) 4/1+2/2+l4+2/5 2 19

|P/C| — 19 m0t|Ve Of an e||lptIC 3'|Og H3 UPS\II4, X4, Q(S)) [Bloch, Kerr, Vanhove]
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The Picard-Fuchs operator

The Picard-Fuchs operators for the
Ls Feynman integral for general parameters
My # My # Mo + M3

mag=mj m4:Q
Ly Ly r

m\s—fm msfé Z arls < dp2 >

Ls is order 6 and degree 25
e Gs (%) = Gs(P?)
L6 H (PZ* (ermy +€2m2+€3m3+€4m4)2)
ej==+1
Ly = (oci +B)olL, 4 with gg(p?) degree 17 with apparent

>
dp singularities
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The 4-loop case : pencil of CY 3-fold

1 1
sz(AU = {(pz,X) S P' x X(A4)‘ (m12X1 + - +m§X5) <71 +---+ ;5> :pz}

This gives a pencil of nodal Calabi-Yau 3-fold

For a (small or big) resolution I/ is
> h'2(W) = 5 for the 5 masses case : 30 nodes
> h'2(W) =1 for the 1 mass case m; = --- = ms : 35 nodes
> h'2(W) =0for p? = my =--- = ms = 1: rigid case birational to
the Barth-Nieto quintic
/?(1 ..... 1 ) — 48C(2)L(f, 2) [Broadhurst]
f weight 4 and level 6 modular form f = (1(t)n(27)n(37t)n(67))?
This L-series is precisely the one for H°(X(A4), Q) veril

Functional equation L(f, s) o< L(f,4 — s)
Again we have a manifestation of Deligne’s conjecture
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Sunset Mirror Symmetry
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Sunset local Gromov-Witten invariants

The sunset Feynman integral takes the expression sioch, kerr, vanhove]

3
B(P?) =n5(p%) [3RE+ ) (1 — RN, [T QP
i=1

04 +0p+03=0>0
(€4.85.,83)€N3\(0,0,0)

> The Kahler parameters are Q; = m?ef®

> With 75 (p?) = dipzﬂo

K dlog x;
2mi

Ro = | l0g(p? — ¢5)
[x1|=[x2|=|x3]=1 i—1

» The classical period is

1 2 dlog Xx;
(2. ) = | X
’ Ix1|=Ix2|=|x3]=1 p? — &F Il_I 27
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Sunset local Gromov-Witten invariants

Considering the Yukawa coupling for the sunset elliptic curve

1 dX1dX2
J JEo oM Vip g o ° eSXC’(?o(X) X1X2>

This descends from the local Yukawa coupling Hori-Vafa 3-fold

obtained as the total space of the anticanonical line bundle on del
Pezzo dPg for the sunset

YS = {pP—(Efxi+E5%+E5x3) (X '+x5 ' +x3 1 )+uv =0, (x, u, v) € P?x(C*)?}
Néoc.

Yo(P?)
d-d-J QNAVE, .0~ 2202
iZj I~ v 0,ij ﬂg(pZ)S

3
o 3 pfloc. ¢
=6- Z ¢ Nf«ez,ﬁs l l Q;
04 +lp+l3=>0 i=1
(£4.25,03)€N3\(0,0,0)
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Sunset local Gromov-Witten invariants

N, are given by the BPS counting integer number of rational curves

1
loc. o
N = D @Myt

9.9.9
dley,L2,03

» Agree with the BPS invariants computed using the refined
hOIOmorphiC anomaly [Huang, Klemm, Poretschkin]

» Unfortunately for higher n these local Gromov-Witten invariants
are difficult to compute

The mirror map between CY treat all the K&hler on the same footing

but the p? is special as a physical variables as the base parameter for
the pencils construction
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Sunset relative Gromov-Witten invariants

Luckily they are totally equivalent to relative degree d Gromov-Witten
invariants Ng]-(dPe, D) where D a smooth NEF anti-canonical divisor

[Van Garrel, Graber, Ruddat]

Ng"(dPs, D) = (—1)PP(B - D)N B € Ha(dPs, Z)

By virtue of the particular nature of our family of sunset integral this
relation holds to all loop orders and the mirror symmetry can be
recasted as a manifestation to the Fano / Landau-Ginzburg mirror
symmetry
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Sunset Landau-Ginzburg mirror

The LG superpotential is the sunset graph polynomial
w=T3(x) = x1 -+ X0 (P~ 95(0))
is homogeneous of degree n in IP"~! therefore the central charge is

¢ = 3(n—2) in agreement with the statement that X 2(A,_1) is a
Calabi-Yau n — 2-fold

The advantages is that the relative invariants have a purely algebraic
expression

We can use the localisation technique of [Tseng, vou] for genus 0
invariant case. Details to appear in [poran, Novoseltsev Vanhove]
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Conclusion

3* We have put forward the new relation between Feynman integrals
and mirror symmetry between Fano / LG model

3% It is a new result that all the sunset Feynman integrals compute
the genus 0 relative Gromov-Witten invariants

¥ The Fano/LG mirror symmetry shed some light on the Sunset
Feynman integral and provide a uniform approach to all orders

% The iterative structure induces the double cover construction
should lead to a proof of the Broadhurst conjectures for the
L-function values

Generic Feynman graphs is more intricate

& For Feynman graph with deg(F)r = Lin P” with n > L + 1 we do
not have a Calabi-Yau

e Multiple potential LG models?
e Relations with the Doran-Harder-Thompson construction for Tyurin
degenerations cf. [Doran (strings math 2015, Sanya)]
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